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D . Abstract. We study embeddings of model (star- invariant) subspaces of the Hardy 

Q , space H^, associated with an inner function 0. We obtain a criterion for the compactness 

lO i of the embedding of Kq into L^ifi) analogous to the Volberg-Treil theorem on bounded 
embeddings and answer a question posed by Cima and Matheson. The proof is based 

' on Bernstein inequalities for functions in Kq. Also we study measures /x such that the 

■ embedding operator belongs to a Schatten-von Neumann ideal. 
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1. Introduction and main results 



^ ' Let 3 = {z : \z\ < 1} be the unit disc and let T = {z : \z\ = 1} be the unit 

Q ■ circle. We denote by m the normalized Lebesgue measure on T. A function B which 

! is analytic and bounded in D is said to be inner if |B| = 1 m-a.e. on T in the 

sense of nontangential boundary values. Recall that each inner function admits the 
factorization (up to a constant unimodular factor) 



X 

H . where 



e(^) = B{z)mz) 



is the Blaschke productv^ith. zeros Zn G D, and the sequence {z„} satisfies the Blaschke 
condition ^„(1 — \zn\) < oo (we assume \zn\/zn = I if Zn = 0). The singular inner 
function is defined by the formula 

I^z) = exp - y ^ #(C)^ , zeB, 

T 

where ip is a. finite Borel measure on T singular with respect to m. 

Let denote the Hardy space in D, 1 < p < oo. With each inner function B we 
associate the subspace 
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where Hq = {/ G : /(O) = 0} = zH^. Equivalently, one can define Kq as the set of 
all functions / in such that (/, Qg) = fj. f Qg dm = for any g E H'^, 1/p+l/q = 1. 
Note that Kq = H^QQH'^. It is well known that, for 1 < p < oo, any closed subspace 
of invariant with respect to the backward shift {S*f){z) = is of the form 

Kq for some inner function 6 (see [20l Chapter II] and [2]). Subspaces are often 
called star-invariant subspaces. These subspaces play an outstanding role both in 
function and operator theory (see [121 [221 [23 [26j) and, in particular, in the Nagy- 
Foias model for contractions in a Hilbert space (therefore they are sometimes refered 
to as model subspaces). Note that if B is a Blaschke product, then Kq coincides with 
the closed linear span of simple fractions with the poles of corresponding multiplicities 
at the points l/zn. 

Let cr(0) be the so-called spectrum of the inner function B, that is, the set of all 
C G D such that liminf 16(^)1 = 0. Equivalently, o"(B) is the smallest closed subset 

2— kJ", 2GID) 

of D containing zeros Zn and the support of the measure ip. Clearly, B, as well as any 
element of Kq, has an analytic extension across any subarc of the set T \ cr(B). 

In the present paper we study the following problem: given an inner function B 
and p > I, describe the class of Borel measures in the closed disc D such that 
the space Kq is embedded into -^^(/i) or such that the embedding is compact. This 
problem was posed by Cohn in 1982 [14j: in spite of a number of partial results it is 
still open. The embedding C L^ifJ^) is equivalent to the estimate 

ll/IU.(M)<^ll/IU f^K- (1) 

The class of such measures fi is denoted by Cp(B). 

Recall that a finite Borel measure fi in the closed unit disc D is said to be a 
Carleson measure if there is a constant M > such that 



f^{S{I)) < M\I\ (2) 

for any arc / C T. Here and in what follows we denote by |/| the length of an arc /, 
and by S{I) the Carleson square 

S{I) = {z = pe'^P G D : e*'^ G /, 1 - (27r)-Vl < P < !}• (3) 

We denote the class of Carleson measures by C; for a measure G C we denote 
by the smallest constant M in ([2|). The classical Carleson theorem states that 
}jp (3 L^(/i) for some (any) p > if and only if /i G C. The embedding if^ C LP{fi) is 
compact if and only if /i is a vanishing Carleson measure, that is, 

lim ^\ \ " = 4 
|/Ho |/| ^ ^ 

(see [30]; some generalizations can be found in [9]). 

Obviously, C C Cp(B). One may expect that the class Cp(B) will depend essentially 
on geometric properties of B. At present the class Cp(B) is described explicitly only 
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for some very special classes of inner functions. We say that an inner function satisfies 
the connected level set condition (we write G CLS) if the level set 

n{e,e) = {zeB: \e{z)\ < e} 

is connected for some e G (0, 1). Cohn [H] showed that if 6 G CLS, then it suffices 
to verify inequality ([T]) for the reproducing kernels of the space Kq (see Section 2 for 
the definition). Recently Nazarov and Volberg [27j showed that this is no longer true 
in the general case. 

A geometric condition on fi sufficient for the embedding of Kq is due to Volberg 
and Treil ^2]: the embedding Kq C L^^fi) takes place if there is an e G (0, 1) such 
that /i(S'(/)) < C\I\ for all squares S{I) such that 

S{I)nQ{Q,e) ^0. 

Thus, we should check the Carleson condition ([2]) only for squares of the special form. 
Denote by C(G) the class of measures satisfying the conditions of the Volberg-Treil 
theorem for some e G (0,1). It was proved by Aleksandrov [1] that the condition 
/i G C(6) is necessary (that is Cp(6) = C(9)) if and only if 6 G CLS. Moreover, if 9 
is not a CLS function, then the class Cp(6), p > 0, depends essentially on the exponent 
p (in contrast to the classical Carleson theorem). Some other embedding theorems 
were obtained in [U [ISl [IBj , compact embeddings are considered in [TT I [T5l[^ . 

Of special interest is the case when fi = J2n£N '^n'^A„ is a discrete measure; then 
embedding is equivalent to the Bessel property for the system of reproducing kernels 
{kx„}- Also the particular case when /x is a measure on the unit circle is of great 
importance. In contrast to the embeddings of the whole Hardy class (note that 
Carleson measures on T are measures with bounded density with respect to Lebesgue 
measure m), the class Cp(6) always contains nontrivial examples of singular measures 
on T; in particular, for p = 2, the Clark measures [13] for which the embedding 
Kq C L'^{fi) is isometric. On the other hand, if /i = wm, w G L^(T), then the 
embedding problem is related to the properties of the Toeplitz operator (see [T5]). 

A new approach to the embedding theorems was suggested by the author in [51 [7|. 
It is based on Bernstein inequalities for Kq. By a Bernstein inequality we mean an 
estimate for a weighted norm of the derivative /' in terms of the standard L^-norm 
of / G Kq, that is, an estimate of the form 

||/1Il.(,)<C^||/IU feK^^, (5) 

where /x is a measure in the closed disc D. This approach made possible to obtain 
essentially new embedding theorems generalizing the Volberg-Treil theorem as well 
as certain theorems due to Cohn. One more application of Bernstein inequalities 
is connected with the stability of Bessel sequences and Riesz bases of reproducing 
kernels [8] . The results in [TJ E] are obtained in the context of the Hardy spaces in 
the half-plane. In Section 3 we discuss their analogs for the disc. 

In the present paper we apply Bernstein inequalities for Kq to study compactness 
and Schatten-von Neumann class properties of the embeddings. One of our main 
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results is a geometric condition sufficient for the compactness of the embedding which 
is similar to the Volberg-Treil Theorem. Now we need to verify the "vanishing con- 
dition" (jl]) only for squares intersecting the level sets. This condition turns out to be 
also necessary in the case of CLS inner functions. 

Theorem 1.1. Let 1 < p < oo, let be a Borel measure on D, and let e G (0, 1). 

Then {%) implies (ii) where 

(z) for each rj > there exists a S > such that fi{S{I))/\I\ < rj whenever \I\ < S 
and S{I)r]n{e,e) ^ij}; 

(a) the subspace Kq is compactly embedded in U'{^). 

Conversly, if Q & CLS, then (ii) implies (i). 

Implication {ii)^^{i) for CLS inner functions was proved by Cima and Matheson 
in [11], where the question was posed whether the converse is true. Theorem 1.1 
provides a positive answer. Also in pjj another vanishing condition for a measure 
was introduced which is sufficient for the compactness of the embedding Kq C Lp{ij,) 
for any p > 0. We show (see Proposition 4.1) that this condition implies condition (i) 
of Theorem 1.1 (thus, we answer one more question posed in [TT]). Theorem 1.1 is 
deduced from a more general embedding theorem (Theorem 3.1) which is an extension 
of the Volberg-Treil theorem. 

In Sections 5-6 conditions ensuring the inclusion of the embedding operator J'^ : 
Kq — > L'^{fi), J^f = /, into the Schatten-von Neumann ideal Sr are studied. We 
give a complete description of such measures for the case G CLS and r > 1. For 
e G (0, 1) consider a Whitney-type decomposition of the set T \ (t(6) into the union 
of arcs Ik with the property 

dist{Ik,^{Q,e)) X |4| 
(see Section 3, Lemma 3.5, for the details). 

Theorem 1.2. Let fi be a Borel measure with supp fi C [JS{Ik)- Assume that for 

k 

some r > 0, 




Then JT"^ G Sr- 

We denote by Rn,m the elements of the standard dyadic partition of the disc (see 
the definition in Section 5). Then we have the following necessary condition. 

Theorem 1.3. Let e G (0, 1). If E Sr, r > 1, then 

{2^li{Rn,m)r'^ < OO. (7) 

For CLS inner functions the statements converse to Theorems 1.2 and 1.3 are also 
true; in this case we give a complete description of embeddings of a class Sr, r > 1. 
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Theorem 1.4. Let O G CLS, let e G (0, 1), and let fi be a Borel measure in D. Then 
the embedding operator J ^ belongs to Sr, r >1, if and only if fi satisfies ^ and ([^. 

Our conditions, stated in terms of dyadic partition of the disc, are similar to a 
theorem of Luecking [21] which characterizes Schatten-von Neumann class embed- 
dings of the whole Hardy class, as well as to results of Parfenov [28l [29] . For further 
discussion see Sections 5-6. 

As in [Tl[8], our main tools in the present paper are Bernstein inequalities for Kq. 
For the sake of completeness we include a discussion of these results which are of 
independent interest. Moreover, in contrast to we give estimates for higher order 
derivatives as well. Now we state two results of this type. The first of them shows 
that the growth of the derivative is controlled by the distance to a level set. For C ^ T 
let 4(C) = dist (C,fi(e,£)). 

Theorem 1.5. Let e G (0, 1), 1 < p < oo. Then 

||/(")-Cllp<c^(p,^,^)ll/IU f^K- 

Let 6 G CLS. Then the boundary spectrum cr(6) fl T has zero Lebesgue measure 
[3]; thus, the nth derivative /'■"^(C) is well-defined for almost all C ^ T. 

Theorem 1.6. Let 6 G CLS, 1 < p < oo, fi E C. Then 



dfi{z)<C{e,p,n,f,)\\f\\l, feKl, (8) 



where \\kz\\2 denotes the L'^-norm of the reproducing kernel of Kq. In particular, 

||/('^)-|e'nip<c(0,p,n)||/||„ /GKg. (9) 



Theorems 1.5 and 1.6 are corollaries of a much more general, but somewhat more 
complicated Bernstein inequality which will be proved in Section 2 (Theorem 2.1). 

We make use of the following notations: given nonnegative functions g and h, we 
write g^hifg<Ch for a positive constant C and all admissible values of the 
variables; we write g^h if g<h<g. Letters C, Ci, etc. will denote various positive 
constants which may change their values in different occurrences. 

2. Bernstein inequalities for higher order derivatives 

From now on we assume that p G [1, oo) and q is the conjugate exponent, that is, 
1/p + 1/q = 1; by L^ we denote the standard space L^(T, m). 

We start with a discussion of the local behavior of the elements of model subspaces 
and their derivatives near the boundary. In what follows, the reproducing kernels play 
the most prominent role. The function 

1 - 
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is the reproducing kernel of the space corresponding to a point z E 3. Since 
G Ka, we have 

/W = / /(r)M^rfm(r), / G Kg, (10) 



T 



for any 1 < p < oo. We have an analogous representation for the nth derivative, 

=n\J i^f{T){UT)r+^ dm{T), f G irg, (11) 

T 

which follows from the fact that (1 - r2)"+^ - (A;,(r))"+i G eH°°. 

Integral representations ffTU]) - f[TT]) may be extended to certain points z = ( on 
the unit circle T. It is well known that any element of has an analytic extension 
across any subarc of the set T \ cr(6), and thus (fTO|) - (fTT|) hold for any ^ G T \ o"(6). 
The boundary behavior at the points of the spectrum is more subtle and depends on 
the "density" of the spectrum near the given point. For C ^ T, put 



\C-r\ 



Then, by the results of Ahern and Clark [Ij and Cohn ^16j, /^"^(C) (understood in 
the sense of nontangential boundary values) exists for any / G if and only if 
S{n+i)q{0 < oo; in this case fc""*"^ G Kq and ([TT]) holds with z = (. The quantity 5*2, 
which is responsible for the inclusion fc^ G Kq, is of special importance. In the case 
when has a nontagential limit at ( and 0(C) G T, it coincides with the modulus 
of the nontangential derivative of G at C (by the nontangential derivative we mean 
lim ^^'^^I^'''"'' where z tends to C nontangentially): 

z„P f di){T) 



IC-r 
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Our main result in this section is the following weighted Bernstein inequality of 
the form ([5]) which holds for an arbitrary inner function and for the measures of the 
form where is a Carleson measure and the weight w{z) depends on the norm of 
the kernel in L'^ (that is, in essence, on the norm of the functional / t— > /("')(z), 

f^K). Put 



We assume = oo and Wp^n{C,) = whenever C G T and S(^n+i)q{C) = oo; thus 

f^"'\z)wp^niz) is well-defined for any / G Kq, z eB). 

Theorem 2.1. Let n E C, 1 <p < oo. Then the operator 

{Tp,J){z) = f^''\z)wpAz) 
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is of weak type {p,p) as an operator from to L^^fi) and is bounded as an operator 
from Kq to L'^ifi) for any r > p; moreover there is a constant C = C{Mf^,p, r, n) such 
that 

||/(")«;p,n||L^(^)<C||/||., feK^e- (12) 

To apply Theorem 2.1, one should have effective estimates of the considered 
weights, that is, of the norms of reproducing kernels. For p = 2 we have an ex- 
plicit formula: \\k,\\l = z eB, and \\k(;\\l = |e'(C)|, C e T. For 6 G CLS, 
sharp estimates for the norms are known (see (fT5l) below). We also relate the weight 
Wp^n to geometric properties of the level sets of the function 9: 

4(C)<^p,n(C)< |e'(C)r\ CeT. (13) 

For the proof we refer to |7| Lemma 4.5] where the inequality is obtained for n = 1; 
the arguments extend to general n in an obvious way. Some close results may be 
found in 

The proof of Theorem 2.1 is based on the integral representation ffTTl) which reduces 
the study of differentiation operator to the study of certain singular integral operators. 
We deduce inequality ( fT2l) from the boundedness of the following integral operators 
in L^-spaces associated with Carleson measures [H Theorems 3.1, 3.2]. 

Theorem 2.2. Let fj^ E C, and let h be a nonnegative function in D, measurable with 
respect to ^ and m, and such that h{z) > A{1 — \z\), z ^3, for some constant A > 0. 
Put 

Tf{z) = h{z) I Ji^dmiC), zeB. 

\(;-z\>h(z) 

Then T is of weak type (1, 1) as an operator from to L}{^i) and T is a bounded 
operator from to L^{fi) for any p > 1. Moreover, the norm of T does not exceed 
some constant C which depends only on p, A and the Carleson constant of the 
measure fi. 

We also consider a class of integral operators with a "diagonal" kernel. Let n, 
u E C and let K{z, u) he a fi x //-measurable function. For z G D put 

A,(p) = {MGD:|^i-2;|<||i^(2;,-)||Z,V)} 

(we assume without loss of generality that K{z, ■) is //-measurable for any z, and we 
put ||-f^(2;, ■)IIl9(i/) = whenever K{z, ■) ^ Ui^v)). Consider the following "truncation" 
of the integral operator with the kernel K: 

Tpf{z)= j K{z,u)f{u)du{u). 

Theorem 2.3. // ||/C(2;, ■)||^^^^^ > A{1 — \z\), then the operator Tp is of weak type 
{p,p) as an operator from L^iv) to L^ifJ^) and is bounded as an operator from L'^{i') 
to L^{fi) for any r > p. 
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Detailed proofs of Theorems 2.2 and 2.3 are given in [7j in the half-plane setting; 
the proofs for the disc follow by exactly the same arguments and we omit them. 

The idea of the proof of Theorem 2.1 is to split the integral, which represents the 
derivative, into "diagonal" and "off-diagonal" parts and to estimate them separately 
making use of Theorems 2.2 and 2.3, respectively. 

Proof of Theorem 2.1. Put h{z) = (wp^niz)Y^^ . A trivial inequality 1/^^(1^)1 < 
2(1 - \z\)~^, z,w e B, implies h{z) > A{1 - \z\). Multiply the integral in ([11]) by 
Wp^n{z) and split it into two parts: 

= hf{z) + hf{z) (14) 

nl 

where 

hf{z) = Wp,^{z) I Tf{OWH<)dmiO, 

\(^z\>h{z) 

hf{z) = Wp,n{z) I Tf{OWW)dm{C). 

\C-z\<h(z) 

Since |1 — C-^l = |C ~ -^l) C ^ T, we have 

\hf{z)\<Ch-{z) j ^^l^^,<Ch{z) j J^MC). 

\C,-z\>h{z) \C,~z\>h{z) 

Now Theorem 2.2 implies that the operator Ji is bounded as an operator from U to 
L^in) for any Carleson measure fi and r > 1. 

To estimate the integral hf, put K{zX) = {h{z))'^k^+^{C). Then \\K{z,-)\\gP = 
(/i(z))-P"||fc^+i||-P = h{z). Thus, 

l2fiz)= I rf{OK{z,C)dm{C), 

\(;-z\<\\K{z,-)\\-p 

and, applying Theorem 2.3, we conclude that the operator I2 is of weak type {p,p) 
as an operator from to LP{fi) and is bounded as an operator from L'" to L'^{n) for 
any fi E C and r > p. Q 

Proof of Theorem 1.5. In view of the inequality (fT3!l . the statement follows from 
Theorem 2.1 with /i = m. Q 

Proof of Theorem 1.6. It is shown by Alexandrov [1] that, for O G CLS, we have 

\\kz\\:-\\h\\?'"'\ zeB, (15) 
with the constants depending on and s G (1, 00), but not on z. It follows that 

X (||A:,||f = z G D, 
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andw;p,„(C)x|e'(C)r", CeT. Q 

Remarks. 1. One should compare inequality ([9]) in Theorem 1.6 with a Bernstein 
inequality for L°°-norms: if has a nontagential limit at the point C G T, 0(C) G T 
and |0'(C)| < CO, then for each / G Kq the derivative /'(C) exists in the sense of 
non-tangential boundary values and 

l/'(C)/e'(C)l < ll/lloo. (16) 

Indeed, f(C) = J^l^) f (r) dm{T) , and hence |/'(C)| < ||/||oo||fcclli = ll/lloo|e'(C)|. 
Note that ( |T6l) holds for arbitrary (not necessarily CLS) inner functions, and the 
constant 1 is sharp. This inequality is due to M.B. Levin [23]; for the case of a finite 
Blaschke product it was later rediscovered by a number of authors (see, e.g., jlO]). 

2. It is shown in [71 Example 5.2] that the exponent in the definition of the 
weight Wp^i is, in a certain sense, best possible. 

3. Bernstein inequalities for model subspaces {Kg)+ in the upper half-plane C"*" 
were previously studied by K.M. Dyakonov [171 [12] who showed that differentiation 
is bounded as an operator from {Kq)^ to L^{M.) with 1 < p < oo, that is, 

\\f'\\p<C{p,e)\\f\\,, fe{K^,U, (17) 

if and only if 6' G if°°(C~^). In this case 6 is meromorphic in the whole complex 
plane and the subspace (Kg)^ is closely related to a certain space of entire functions 
(in particular, for p = 2, to de Branges spaces; see [6l Proposition 1.1]). Weighted 
Bernstein inequalities of the form ([5]) obtained in [5l[7j essentially generalize inequality 
( IT71) . An advantage of studying weighted estimates is that the weight may compensate 
possible growth of elements of (Kg)^ and their derivatives near the boundary. Note 
that the Bernstein inequality for the usual L^- norms, that is, < C||/||p, holds 

for a model subspace in the disc if and only if it is finite-dimensional and, thus, 
is a finite Blaschke product. Therefore the idea of weighted Bernstein inequalities 
(with an "improving" weight) is even more natural when one works with the spaces 
in the disc. 



3. Embedding theorems 

We show that Theorem 2.1 implies an embedding theorem which generalizes the 
Volberg-Treil theorem. This result also gives us a condition sufficient for the com- 
pactness of the embedding. In what follows we always assume that is a finite Borel 
measure in the closed disc D. 

By a square with the sidelength h in the unit disc we mean a set of the form 

5(/io, 00, h) = {pe^<^ : /lo - 7^ < P < ^0, 00 < < 00 + /i} (18) 

for some Hq G (0, 1], 0o G M, and Q < h < 27r/io. By J{S) we denote the lower side of 
the square S, that is, J{S) = {Hqc'''^ : 0o < < 0o + h}. 
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Note that this definition contains as particular cases Carleson squares ([3]) (they 
correspond to = 1) and dyadic squares fl51|) introduced in Section 5. 

Let {S'fcjfceN be a sequence of squares in D, let Jk denote the lower side of the 
square Sk, and let ^j^. be the Lebesgue measure on the arc Jk- Assume that 1 < r < p 
and that the squares Sk satisfy the following two conditions: 

k 

and 

sup \Jk\ ■ < oo (20) 



k 



where Wr{z) = Wr^i{z) = \\k'^\\j,''^~^^ , ^/^ + ^/f^' = 1; is the weight from the Bernstein 
inequahty of Section 2. Condition (HM means that the sequence of squares {Sk} is 
sufficiently sparse, whereas their size is controlled by inequality fl20l) . 

Theorem 3.1. Let {Sk} be a sequence of squares satisfying / fT^) and ^2^), and let /i 
be a Borel measure on \JSk- Then 

k 

{i) if fi{Sk) < C\Jk\, then e Cp(9); 

(ii) if, moreover, fi{Sk) = o{\Jk\), then the embedding Kq C L^ifJ') is compact. 

Note that, as in the Volberg-Treil theorem, we consider the measures with 
Carleson-type estimate on a special class of sufficiently large squares. We will see 
that the squares in Theorem 3.1 may be essentially larger (see Proposition 3.4 below). 

In the proof of Theorem 3.1 we will need the following lemmas. The first of them 
shows that the norms of reproducing kernels have a certain monotonicity along the 
radii. 

Lemma 3.2. Let q > 1. Then there exists C = C{q) such that for any z = pe**^ and 
z = pe**^ with < p < p we have 

\\h\U<Ciq)\\h\\g. (21) 

Proof. For the case of the upper half-plane the corresponding property is established 
in [71 Corollary 4.7]. The statement for the disc follows by the same arguments. Q 

If the sequence {5"^} satisfies ( |20|) . then it follows from (121]) that 



sup|Jfc|( J w;''iz)\dz\y^' <C (22) 
Skn{\z\=p} 



for any p G (0, 1] (we denote by \dz\ the Lebesgue measure on the corresponding arc). 

Lemma 3.3. If Jk C T, then implies that jj^ |B'(r)|(im(r) < oo. In particular, 
Int Jk n cr(B) = (we denote by Int Jk the interior of Jk in T) and G is continuous 
in each of the (closed) squares Sk- 

Proof. By ( IT3l) . inequality ( l20l) implies Jj |6'(r)|'^(im(r) < oo. Hence, 
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Ijk < oo and we conclude that 6 is continuous on J^. It is easy to 

see that |0'(^C)l ^ I ©'(01 7 C ^ r G (0, 1), and therefore, 9 is continuous on 5*^. 

Proof of Theorem 3.1, (z). Clearly, the embedding Kq C L^(/i|{|z|<i/2}) is com- 
pact. So we may assume without loss of generality that supp fi C {1/2 < \z\ < 1}. 
It follows from Lemma 3.3 that the set of functions / G Kq which are continuous 
on each of Sk is dense in Kq, 1 < p < 00 (take the reproducing kernels). Thus it is 
sufficient to prove the estimate 

||/||l.(,)<C||/||„ feKl, 

only for / continuous in |J 5*^. 

k 

Now let / G Kq be continuous in each of Sk- Then there exist Wk G 5*^ such that 



k ' ' k 

Statement (i) will be proved as soon as we show that 

Ei/K)n^fci<c'ii/ii^ (24) 

k 

where C does not depend on / and on the choice of Wk & Sk- 

Consider the arcs Jk = Sk H {\z\ = \wk\}. Since /i({|2;| < 1/2}) = 0, it follows 
that \Jk\ > |Ja;|/2. Let u = J2k^Jk- Then it follows from ( fT9i) that u & C (and the 
Carleson constants M^, of such measures u are uniformly bounded). We have 

andl|/lU.(,)<Ci||/l|p. 

We estimate the last term in fl2S]) . For z E Jk denote by '-y{z,Wk) the subarc of 
Jk with the endpoints z and Wk- Then f{z) — f{wk) = ^^^^^^^f'{u)du (in the case 
Jfe C T note that, by Lemma 3.3, any / G Kq is analytic on Jk except, may be, at 
the endpoints), and so 

E / \f{z) - f{wk)ndz\ = Y,I I fWu V^l 

k k 

Jk Jk li^^-^k) 

<J2j{ J ^r'{u)\du\y'' J \f'{u)\V,{u)\du\ydz\ 

<Y.\^k\(^j w;\u)\du\j'' (^j \f\u)\^wl{u)\du\ 
Jk Jk 
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By ([22D, we obtain 

E / \f{^)-f{wk)ndz\<c,j2 J i/'Hr<MM«i 

•^k Jk 

= C^2||/V|li.(.)<C3||/||^ 

where the last inequahty follows from Theorem 2.1. 

Proof of Statement {ii). For a Borel set C D define the operator Xe '■ Kq — »• 
LP(/i) by If = xsf where xe is the characteristic function of E. For N E N put 

N _ 

= [J Sk- As above we assume that / G Kq is continuous in D. Then it follows 

k=l 

from (EaD and (EID that 



|/|Prf/i<Csup 

))\Fjv 



and so ^ 0, ^ oo. Statement (ii) will be proved as soon as we show 

that Ipj^ is a compact operator for any N (thus, our embedding operator J^=I^ = 
Xp^ +1n\Ff^ be approximated in the operator norm by compact operators Ipj^)- 
Clearly, it suffices to prove the compactness of Xs^. for each fixed k. 

We approximate Xs^, by finite rank operators. Partition the square Sk into finite 
union of pairwise disjoint squares {Si}^^^ (here we do not require Si to be closed and 
assume that Clos Si is a closed square in the sense of definition (fT8l) ) and choose a 
point Ci in each of Si. By Lemma 3.2, we can choose the squares 5*^ to be so small 
that, for a given e > 0, we would have 

w;\z)\dz\] <e (26) 



for any I, 1 < I < L, and any zi E Si. Here we denote by [z,w] the straight line 
interval with endpoints z and w. 

Now we consider the finite rank operator T : Kq U'{^)., {T f){z) = 
J2i=i fiCi)Xsii^)- We show that HX^^ — T|p < Ce. As in the proof of (i), we have 



1=1 ^ 

By Theorem 2.1 



^ilj { j l/'Mr<(«)M«l) • ( / w;\u)\du\j'\^i{z). 

Si [C.uA [Ci,z 



\f'{u)\^wl{u)\du\ <CipllP 
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where Ci does not depend on / G K^, I < I < L and z E Si. Hence, by f l26|) . 

L 

1=1 

We conclude that be approximated by finite rank operators and therefore is 

compact. O 

Remark. In the proof of Theorem 3.1 we used the fact that, by Lemma 3.3, the 
functions continuous in each of Sk are dense in Kq. Actually, it follows from the 
results of [2] that the functions continuous in the closed disc D are dense in Kq, 
p>l. 

Theorem 3.1 describes a wider class of measures than the class C(0) in the Volberg- 
Treil theorem. Namely, we have the following proposition: 

Proposition 3.4. //yU € C(6), then = /ii + /i2 where fii satisfies the conditions of 
Theorem 3.1 (i) for any p > 1 and r G (l,p), whereas /i2 € C 

In what follows we will use a special family of arcs on T (analogous to the Whitney 
decomposition for the set D \ 1](0, e)). 

Lemma 3.5. Let e G (0, 1). Assume that T\a"(0) 7^ 0. Then there exists a sequence 
of arcs Ik C T, k E N, with pairwise disjoint interiors such that [j Ik = T \ cr(9) and 

k 

\Ik\<dist{Ik,n{e,e))<2\Ik\. (27) 
Moreover, if we put F = [J S{Ik) and G = 'D\F, then for any z E G, z 0, we have 

k 

dist{z/\z\,n{e,e)) < 67r(l - \z\). (28) 

Proof. Note that Jjx^^^^q-^ dm{() = 00. Therefore we can choose the sequence 

of arcs Ik with pairwise disjoint interiors such that [J Ik = T\a{Q) and 

k 

d:\C)dm{C) = \- 

It follows that there exists C,k G Ik such that d^{(k) = 2|/a;|. Hence, for any Q E Ik-, 
4(C) > 4(Cfc) - 141 > 141, and we get 

Now let z = re^'t' G G. Then, either e''*' G a{Q) (and so dist{e''^, Q^G, e)) <1- \z\), 
or e**^ G 4 for some k. Since z ^ S{Ik), we have 1 — r > |/fe|/(27r). Hence, by fl7r|) . 
dist{e'^,n{e,€)) < 3\Ik\ < 67r(l -r). Q 

Proof of Proposition 3.4. As usual, for an arc / C T and a > we denote by al 
the arc with the same center of the length a\I\. Put /ii = fi\F and fi2 = A*|g where 
the sets F, G are defined in Lemma 3.5. It follows from fl27|) that 

d:%C)dm{C)j <C. 

Ik 
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Let r G By f|T3|) . < it;,,, and therefore we have 



41 / w. 



-9 



(C) dm{C)\ < Ci. (29) 



k 



Thus, the family of the squares S{Ik) satisfies (fT9l) and (120|) . Let us show that 
/Wi(^(4)) < C2I4I. Indeed, it follows from ([27D that S{AIk) n (](e,e) ^ for 
some sufficiently large absolute constant A > 1. Since ^ G C(0), it follows that 

^ll{S{h))<^^{S{Ah))<C2\Ik\. 

Now we show that /i2 is a usual Carleson measure. If 5(1) fl G 7^ for some arc 
/ C T, then, by (J28i) . there is an absolute constant Ai > 1 such that 

s{Aj)nQ{e,6) y^ili, (30) 

and so /i(S'(/)) < C3I/I for a positive constant C3. Q 

The following example shows that Theorem 3.1 describes an essentially wider class 
of embeddings than the Volberg-Treil theorem. 

Example 3.6. By Proposition 3.4, each measure /i G C(0) is of the form fi = fii + fi2 
where fii satisfies condition (i) of Theorem 3.1 and fi2 is a usual Carleson measure. 
Thus, the Volberg-Treil theorem follows from Theorem 3.1. On the other hand, it is 
easy to construct a measure /i satisfying the conditions of Theorem 3.1 [i), which is 
not in C(e). 

Clearly, if G C(B), then fi has no point masses at the points of the boundary 
spectrum, that is, /i({C}) = for any ( G cr(0) fl T (note that in this case S{I) fl 
Q{Q, £) 7^ for any arc I such that ( is an interior point of / and for any e G (0, 1)). 
However, measures in Theorem 3.1 can have nontrivial point masses on cr(0) flT. Let 
B be the Blaschke product with the zeros Zn = {1 — 2~"')e*''", n G N. Then for any 
p G (1, 00) we have 



\kc\\q<Ci, -7r<argC<0, 



and, consequently, Wp^{Q = \\k^\\g^^^^^ < C2, — tt < argC < 0. Hence, 61 G Cp(9). 
Analogously, it is easy to construct an infinite sum of point masses, that is /i = 
^^a„(5f„ with an > 0, Cn € '^(0) l~l such that the embedding C L'P{fi) is 
bounded or even compact (see [Tj Example 6.3] for details). 



4. Compact embeddings. Proof of Theorem 1.1 

In this section we prove Theorem 1.1 and discuss the relation between the two 
"vanishing conditions" introduced in [TT]. 

Proof of Theorem 1.1. As we mentioned in Introduction, implication {n)^^{i) 
for CLS inner functions was proved in [llj. We show that (z)^^(h); the proof is 
analogous to the proof of Proposition 3.4. Let e G (0, 1) and let Ik, F, G, /xi and 
/i2 have the same meaning as in Proposition 3.4 and Lemma 3.5. We show that fii 
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satisfies condition [ii) of Tlieorem 3.1 and /i2 is a vanishing Carleson measure (see 
Section 2 for the definition), and thus the embedding C LP{fi2) is compact. 

For any p G (1, oo) and r G (l,p), the inequality fl2I?l) is satisfied. Since — > 0, 
k ^ oo, and ^(yl/fc) fl i7(0,£:) 7^ for a sufficiently large absolute constant A > 1, it 
follows from the hypothesis that 

fe^oo \Ik\ 

Hence the embedding Kq C U'{^i) is compact by Theorem 3.1, {ii). As we have 
shown in the proof of Proposition 3.4, for any arc / such that fi2{S{I)) 7^ (that is, 
S{I) n G 7^ 0), we have (15U]) for a sufficiently large absolute constant Ai > 1. By 
condition (i) of Theorem 1.1, n{S{I))/\I\ when |/| ^ and 5(Ai/)nfi(e, ^ 0. 
Hence 112 is a vanishing Carleson measure. Q 

In [TT] another sufficient condition for the compactness of the embedding was 
introduced. Following [11], we put, for (5 > 0, 

Hs = {z eB: dist{z, a{Q) nJ) < 6} 

and we say that a measure fi satisfies the first vanishing condition (VI, for short) if 

M^, ^0, 5 0, (31) 

where fis = A^Ih^- Recall that Mi, denotes the Carleson constant of a Carleson measure 
ly. If a measure fi satisfies condition (z) of Theorem 1.1, we say that satisfies the 
second vanishing condition (V2). 

It is shown in [H] that if fi satisfies VI, then the embedding C L^ifJ') is 
compact for < p < 00. The authors ask what the relation between the two vanishing 
conditions is. Here we answer this question by showing that VI always implies V2, 
but not vice versa (thus, for p > 1, the sufficient condition of compactness given in 
[TT] follows from our Theorem 1.1). 

Proposition 4.1. VI implies V2. 

Proof. Assume that fi satisfies VI, but not V2. Then there exists a sequence of arcs 
{Jn}neN such that, for some fixed e G (0, 1), S{Jn) H Q{<d,e) 7^ 0, | J„| 0, n ^ 00, 
but 

KSiJn))>C\Jn\ (32) 

for a constant C > 0. 

Fix S > and put Gs = Vi \ Hs- It follows from the definition of cr(B) that G is 
continuous on Gs and |6(z)| 1 uniformly when \z\ — 1, z G Gs- Hence there exists 
a constant 61 G (0, 6) such that 

\e{z)\>€, zeGs, l-Si<\z\<l. (33) 

Choose such that | J„| < Si, n > N. Clearly, S{Jn) C {z eB : 1-Si<\z\< 1}. 
Since 5(J„) n n{e,e) 7^ 0, it follows from ([33]) that 

S{Jn) ^ Gs n{l- 61 <\z\<l}, n>N. 
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We conclude that S{Jn) H Hs ^ (/i, n > N. Hence S{Jn) C H2S, and, consequently, 
fi{S{Jn)) < M^jJJnl, n> N. This contradicts ([32D, since, by ([SI]), M^^a ^ when 
5^0.0 

Example 4.2. Now we show that VI is not necessary for the compactness of the 
embedding even for CLS inner functions (and, thus, V2 does not imply VI). Let 
In be the sequence of arcs from Lemma 3.5, and let Cn be the middle point of J„. 
Put /i = J2n^n\In\Scn wherc a„ — s> 0, n 00. By Theorem 3.1, (ii), the embedding 
Kq C L^ifi) is compact for anyp G (1, 00). Assume that G CLS. Now, by Theorem 
1.1 (ii), satisfies V2 (this can be also shown directly by the arguments analogous 
to those in the proof of Proposition 3.4). However, the measure ns has nonzero point 
masses on T for any 6 > 0, and hence is not a Carleson measure. Thus, fi does not 
satisfy VI. 



5. Classes 5, . Sufficient conditions 

The definition and basic properties of Schatten-von Neumann operator ideals Sr 
may be found in |21j . 

By Rn,m "we denote the elements of the standard dyadic partition of D; namely, 

f • - 1 1 Trm 7r(m + 1) 1 , , 
R^^ = \ z = pe"^ : 1 r < p < 1 , < < ^ ^ } 34 

where n e N, m = 0, 1, . . . 2'' - 1. 

We recall a theorem due to Luecking |24j concerning Schatten-von Neumann prop- 
erties of the embeddings of the whole Hardy space H^. For a measure n & C the 
embedding operator of into L'^ifJ^) is in Sr, r > 0, if and only if 

5^(2>(i?„,„))'-/2 < 00 (35) 

n,m 

where we sum over all dyadic squares Rn,m- An interesting general approach to 
embeddings of reproducing kernel Hilbert spaces was suggested by Parfenov [28] . We 
will essentially use the ideas from [2S], especially in the proof of necessary conditions. 

A criterion for the inclusion of the embedding operator ^7^i : Kq L'^{p), J^if = f, 
into 1S2 is obvious. 

Proposition 5.1. G ^2 if and only if ||A;z||2 G L'^{p)', moreover, HiJ^III^ = 
/ \\k^\\ldfx{z). 

Proof. We have 



= / f{w)h{w) dm{w), f G Ki. (36) 



Note that the operator JT"^ defined by (136]) on the whole L^(T) is the orthogonal 
projection from L^(T) onto Kq. Then J'^ G ^2 if and only if G ^2 which is 
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equivalent to 




\kz{w)\'^ dm(w) djj,{z) = J \\kz\\l dn(z) < oo. Q 



Take the point Zn.m = (1 ~ 2^") exp(i7r2~"m) in Rn,m- It is easy to see that 
||A;2||2 X 2"(1 — \Q{zn,m)\), z G Rn,m, with the constants independent of n,m. Then 
the condition ||A;2||2 G Iv^(yu) may be rewriten as 



5^2Xi?„,^)(l - \Q{Zn,m)\) < OO. 



Our next result in this section is a sufficient condition for the inclusion & S^-, 
r > 0, which involves the arcs from Lemma 3.5 and some special families of dyadic 
squares; it contains Theorem 1.2. For e G (0, 1) and A > put 

n{e,A) = {Rn,m : dist{Rn,m,^{Q,e)) < AT''}. 

Theorem 5.2. Let r > 0, let fi be a Borel measure in D, and let e G (0, 1). There 
exists an absolute constant A > such that G Sj. whenever 



< OO 



(37) 



and 



J2 (2X/?„,^))^/' < OO. 



(38) 



We introduce the following operator T^j : Kq Kq 



6' 



f{z)k^{z) dniz). 



The following lemma follows from fl36p by a simple calculation: 
Lemma 5.3. We have JZJn = T^^ and for any f,gE Kq, 



(39) 



{TJ,g) = J fiz)g{z)dfi{z) 

where (■, ■) stands for the standard inner product in L^(T). 

In the proof of Theorem 5.2 we will use the following property of the arcs 
constructed in Lemma 3.5. 

Lemma 5.4. Let e G (0, 1), and let {In} be the system of arcs of Lemma 3.5. Then 
there exists a constant C = C{e) > Q such that 



\kz{w)\ 



1 - Q{z)Q[w) 



zw 



<C\Ir. 



1-1 
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for any n and z, w E 5'(/„). In particular, |6'(C)| < C\In\ ^, C ^ ^n- 

Proof. By construction of de{() = dist {(,Q{Q,e)) > ( G /„. Let w = r(, 
r G (0, 1), ( G /„. Clearly, 1^2(^)1 < || A;2||2||^w)||2, and, by Lemma 3.2, 

11^-112 <c^ll^cll2 = c|e'(c)|. 

It follows from (see also ^ Theorem 4.9]) that |e'(C)l < C'i(4(C))"^ < Ci\In\'\ 
Hence, \\ky,\\l < C2\In\''^, w G 5'(/„). Q 

Now we turn to the proof of Theorem 5.2. We start with the proof for the case 
r > 2; here we follow the argument from [23] based on the method of complex inter- 
polation between the different Schatten-von Neumann classes. Then we use an idea 
from Parfenov's paper [28] to give the proof for < r < 1. Finally, the case 1 < p < 2 
follows by interpolation. 

Proof of Theorem 5.2. Given e G (0,1), consider the system of arcs {/„} con- 
structed in Lemma 3.5. As in the proof of Proposition 3.4, we put = fi\F and 
/i2 = /xIg where F = [j 5(4) and G = D \ F. 

n 

First we show that, for any r > 0, condition (!38|) with appropriate A implies 
that the embedding operator J'2 : -^^(/^2) is in Sr- Let Rn,m be a dyadic 

square such that Rn,m H G 7^ 0. We show that Rn,m ^ T^i^, ^) for some A > 0. 
Indeed, let z G Rn,m \ F, z = {1 - p)C, p G (0,1), C e T. If C e ^^(0), then 
dist{z,n{e,e)) < p < 2-("-i). Otherwise, (eh and, by ([28D, dist{C,^iQ, s)) < 
6np. Hence, dist{z,n{e,e)) < {6% + l)p < (67r + l)2-("-i). We conclude that 
Rn,m e TZ{e, A) with A = Uir + 2. Hence 

J2 (2>(i?n,m))''/' < 00, 

and J^2 ^ <Sr by the Luecking theorem. 

Now we consider the embedding operator jTi : Kq — » L^(/ii). 
Proof for the case r > 2. By Lemma 5.3, J'l G Sr if and only if the operator 



{Tf){w) = {J,*JJ){w) = J f{z)K{z)dp{z) 

F 

is in Sr/2- Let p = r/2. Since r > 2 we have p> 1. For G C, < Re C < 1, we put 

Cp-1 



(T(c)/)H = E(Trr)' 



f{z)k^{z)dp{z) 

Sn 

where Sn = 5'(/„). Then T{() is an analytic family of operators in Kq. Clearly, 
T{l/p) = T. We will show that r(C) is bounded in Kg with ||T(C) II < Aq, ReCG [0,1]. 
Also we will show that 

||T(C)||5, <^i, ReC = l, (40) 
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where is the trace norm of the operator T{(). Then, by [211, Theorem 13.1], 

T = T{l/p) e Sp and ||T||5, < A^^/^aJ/^ 

Note that for any f,g E Kq we have, as in Lemma 5.3, 

{nc)f,9) = E (nfr)^' V fi^)'^)Mz)- (41) 



Note also that, by (ETD, /i(5„) < and so | (/i(5„)/|4|)fP-i| < Ci(^(5„)/|4|)-i 

for any ( with ReC G [0, 1]. Hence, 

|(T(C)/,^7)|<Ci5^(M5„))-Vn| I \f{z)g{z)mz) 

n Q 

On 

<Y.\In\^f{z^n)g{z^)\<(Y.\^n\^f{z^)?\ ^ (Y.\In\-\g{Zn)? \ ^ 

for some points G (recall that, by Lemma 3.3, the functions continuous in 
Sn are dense in Kq). By Theorem 3.1, the measure z/ = X] l-^n|<^z„ is in the class 

n 

C2(6) (indeed, ui^Sn) = |-^n|), and, moreover, Carleson constants of such measures are 
uniformly bounded by a constant C2 which does not depend on the choice of z„ G Sn- 
Thus, 

Y.\In\-\f{zn)\'<Cl\\f\\l feKl 



We conclude that 



|(T(C)/,^7)|<C3||/||2||^7||2, f,geKl 



'■0' 

which implies ||r(C)|| < Aq, ReC e [0, 1]. 

It remains to verify pUl) . Note that condition fl37j) implies fi{Sn) = o{\In\), n ^ 00, 
and therefore T((^) is compact for Re^ = 1- Hence, for a fixed (, we can write T{() in 
the canonical form T{()h = J2mf^rn{h,em)fm where {Cm} and {fm} are orthonormal 
systems in Kq, {Pm} is a sequence of positive numbers tending to zero, and \\T{() = 
EjnOemJm)- By glD, 

m n - 



<Y.{^y\jY.\^rn{z)?dKz)Y^^ 

Ori Oil 

By Parseval's identity, 1(7^(2;) P < kz{z) = \\kz\\l for any orthonormal system {gm} 
in K^. Thus, for Re C = 1, 

n \ I ^1 / ^ 
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By Lemma 5.4, \\kz\\1 = k^i^z) < C\In\ ^, z E Sn- Hence 
We have proved estimate (140!) . We conclude that, by [HI Theorem 13.1], 

Now recall that T = J{Jx and p = r/2. Hence llJiH^^ = ||r||^^ < cx). 
Proof for the case < r < 1. Now we prove the statement for < r < 1 using 
an idea of [28j- Let be the smallest disc containing the Carleson square Sn- By 
Lemma 3.5, rfist (Sn, fi(G, e)) > whence the radius of -D„ does not exceed 
2|/„|/3. Let Dn be a disc with the same center of the radius (i„ = 3|/„|/4. It follows 
that dist {Dn, f^(0, £)) ^ \In\- In this case 9 is analytic in Z)„ and < C = C{e), 

z G Dn- We have 6(z) = l/9(l/z), z e Dn \ D, and we conclude, analogously to 
Lemma 5.4, that 

l|fc.||2 < Un\~\ Z e Dn. (42) 

By a well-known Rotfeld's inequality for classes Sj. with r < 1, ||y4 + B\\^g^ < 
W^Wsr ~^ ll-^ll^r- Therefore we may represent the embedding operator jTi : Kq — > 
L^(/ii) as the sum of embedding operators J„ : Kq — > L'^{fii\s„) and estimate their 
iSr-norms separately. Now we factorize the operator J„ as J„ = Jn^ Jn^ where Jn^ is 
the embedding operator from Kq to H'^{Dn) and Jn"* is the embedding operator from 
H^{Dn) to L'^{fll\sr^)■ Here H'^{Dn) denotes the Hardy space in the disc 

By the standard properties of the classes Sr, we have 



It follows from (IH that 



2) ||2 
n 1 1 52 



2'Kdr, 



n JdD„ JT 



\JnU<Wh,W\U.. (43) 



MC)fdm{C)\dz\ = -V / ll^-ll' \d^\ < C\Inr'. 



Note that dn < Sdn where 5 < 1 is an absolute constant. Let si be the Ith singular 
number of the operator Jn \ Then we have the estimate 

si<C{6)6'{fi{Dn)Y^'. (44) 

Indeed, by a translation and linear change of variables we may assume that Dn = D, 
Dn = SB), and u is a measure in S3. Then si does not exceed the norm of the 
restriction of the embedding operator into L'^{i') on the subspace z'if^(D) of if^(D). 
Note that \f{z)\ < C(5)||/||2, z G S3. Then 

\Wf\\lHu)= I Wf{z)\'du{z)<C\S)SMsmf\\l f^H\3), 
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which imphes f lUl) . Now, summing s[, we obtain ||t/n^''||]^ < C(yu(5'„))'^''^ whence, by 



\\Jn\rr<C 

We conclude that 



V 141 



i^iii^<^E(Trr) 



r/2 



Finally, the case 1 < r < 2 follows by interpolation between Si and ^2 (see [28} 
Section 2]). The proof of Theorem 5.2 is completed. Q 



6. Necessary conditions for G Sr. Proof of Theorem 1.4 

In this section we consider conditions which are necessary for the inclusion G 5^, 
r > 1. We will use a general approach from Parfenov's paper [28]. Let X be a Hilbert 
space of analytic functions in a domain D with the reproducing kernel K. Let {-Dn} 
be a partition of D and assume that for any n there exists Wn G -D„ such that, for 
z G D„, 

> cir(2;,z)ir(u7„,^/;„) (45) 
where c is a positive constant. Consider the discrete measure u = 
Y.S^^^n,w^Y^by,^. Put in = ( jr)^K{z,z)d^{z)\ . If the embedding opera- 
tor of X into L'^{i^) is bounded and the embedding operator of X into L'^^jj) is in tS^-, 
r > 1, then {j„} G T [28:, Theorem 3]. 

Proof of Theorem 1.3. We fix a numeration G N, of the set of the squares 

Ri^m such that Ri^m H f2(9,£) ^ 0. In each of the squares Rn we choose a point 
with |9(w„)| < e. If i?„ = Ri^m^ put (i„ = 2~^ It is easy to show that there exists 
a 5 < 1 which depends only on e such that |0(2;)| < 5, z E Rn- In other words, 
Rn C fi(e,5). 

We have WkzWi x d~^, z G -R„, with the constants depending only on 5. Therefore, 
the sets Dn = Rn and the points Wn satisfy (H5l) . Also, if we put z/ = ^n^n^^w„, then 
it follows from the construction of Carleson curves [201 Chapter VIII, §5] that u is a. 
Carleson measure. Now, let be a measure on IJ-Rn, let : Kq — > L^(/i) be the 

n 

embedding operator. Since JT"^ G 5^, r > 1, we have {j„} G i"", by [28], Theorem 3], 

/ \ "^/^ 1/2 

where j„ = /^^^ \\k,\\ldn{z)j x (/i(i?„)/d„) . Q 

We conclude this section with the proof of Theorem 1.4. We start with an ele- 
mentary estimate for inner functions. 

Lemma 6.1. Let ( E T \ (t(9), z E B), and let \z — C\ < A dist ((, cr(9)) for some 
constant A G (0, 1). Then there is a constant C = C{A) > such that 

\og\e{z)\<-c{i-\z\)\e'{0\- 
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Proof. By the Frostman theorem, 0q, = is a Blaschke product for almost all 
a with \a\ < 1, and ||6q — 6||oo — * when a — > 0. We have also 16^(01 ~^ |0'(C)l) 
a — 0, whenever C G T \ a(0). Thus, it suffices to prove the estimate for the case 
when G is a Blaschke product. 

Let -B be a Blaschke product with zeros Zn and let 2; G D. Then 



log|i?(^)P = ^log (l- 



(1- 






\z\ 






1 - 


Z^Z 


2 



Also, recall that \B'{C) \ = ^„ j^^i C e T. Since |-2 - CI < Adist {(, a(e)), we have 
I2; — CI < A\zn — CI for any n. Therefore 

il-A)\C-Zn\ < \l-ZnZ\ < {1 + A)\C - Zr,\. 

Since log(l — t) < —t, t G (0, 1), we have 



(1- 




m- 




\z\ 






1 - 


- ZnZ\ 


2 



log\B{z)\' < -Y, 



< -C{A){1 -\z\)J2 = -C{A){1 - \z\)\B'{C)\. O 



n 



IC - 

In the next lemma {/„} denotes the system of arcs from Lemma 3.5. 

Lemma 6.2. Let G CLS. There exists a 5 G (0,1) such that \Q{z)\ < 5 for 
z = {1 — |/„,|/(27r))C, C E In {that is, for z on the interior side of the square S{In))- 
Also we have kz{z) = \\kz\\l x l/nl""*", z G S{In)- 

Proof. First we show that there exist constants Cj = Cj{Q,e) > 0, j = 1,2, such 
that 

Cl|/„|-^ < |e'(C)| < C2\In\-\ C e In. (46) 

We need to prove only the ffist inequality; the second follows from Lemma 5.4. 

By Lemma 3.5, there exists w G Q{Q, e) such that |C — "U^l < C'sl-^nl, C ^ ^n, for an 
absolute constant C3 > 0. Hence, 

1^401 > 'j"^'®y >g3-^(l-^)|/n|-^ 

On the other hand, by an inequality due to Aleksandrov P], for a function G CLS 
we have 

|A;^(C)| <C4|e'(C)|, WEB, CeT, (47) 

which implies ( l46l) . 

Now G.X ( E In and put z = {1 — |/„|/(27r))C. Since dist{In,cT{Q)) > \In\, "we 
have IC — ^1 < Adist{(,a{Q)) for some A < 1. It follows from (146|) and Lemma 
6.1 that 16(^)1 < 6 = exp(-C(A)Ci/(27r)). We conclude that k,{z) x \In\-\ z = 
(1 — |/„|/(27r))C, C ^ ^n- The estimate kz{z) = \\kz\\2 x |/„|~\ z G 5'(/„) follows from 
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Lemma 3.2. Q 

Corollary 6.3. Let G CLS, e G (0,1). Then there exists 6 G (0,1) such that 
\Q{z)\ <6, zeG. 

Proof. Recall that G = D \ |J S{In)- We show that there exists 6 G (0, 1) such that 

n 

< 6, z E dG n D. Since dC is a rectifiable Jordan curve, 1 0(^)1 < 1 in G and 
dC n T is of zero Lebesgue measure, it follows that |0(2;)| < 6, z E G. 

Now let z G dG flD. Then there are two possibilities: either z = {1 — |/„|/(27r))C, 
C G /„ for some n [z is on the interior side of some square) or there exist two adjacent 
squares S{In) and S{Im) with < such that z = r(, 1 — \Im\/{2n) < r < 

I — |/„|/(27r). Here ( is the common endpoint of the arcs J„ and /„. In the first case 
16(^)1 < (5i < 1 by Lemma 6.2. Note that, by (gS]), |J„| x |J^| x |e'(C)r^ Hence in 
the second case |6(2;)| < ^2 < 1 by Lemma 6.1. Q 

Proof of Theorem 1.4. We start with the sufficiency of ([6]) and ([7]). As before, put 
F = [J S{In), G = 3 \ F. It follows from Theorem 1.2 that the embedding operator 

n 

of Kq into L'^{^\f) is in Sr- Now let Rn,m be a dyadic square such that Rn,m H G 7^ 0. 
Then, by Corollary 6.3, there is a constant 6 < 1 such that H f2(9,5) 7^ 0. By 

J2 (2>(i?„,J)^/2 < 00, 

and the inclusion jT^i^ G Sr follows from the Luecking theorem. 

By Theorem 1.3, condition ([7]) is necessary for the inclusion J'^ G Sr even for 
general inner functions. To prove the necessity of ([6]), we verify the conditions of 
Parfenov's theorem for Dn = S{In). By Lemma 6.2, there exist Wn G 5'(/„) such that 

I I ^uin 1 1 2 I I ^ and 



We used the estimates < |1 — zwn\ and kz{z) < |/„| (see Lemma 5.4). We have 
kw„{wn) X |J„| and the measure z/ = |J„| is in the class €2(0) by Theorem 3.1, 
{^). 

If J E Sr, r > 1, then, by [2HI Theorem 3], we have {j„} G 

in = ( / k^{z)diJ,{z)^ ' . 

J Dn 

1 /2 

It remains to note that j„ x (^^(^(/n))/!/^!) since ^^(-z) x |/n|^^, z G S'(/„). Q 

Remarks. 1. Condition -R„,m ^ 7^(6, A) in Theorem 5.2 means that the distance 
from the dyadic square Rn^m to the level set Q{Q,e) is not much larger than its size. 
The constant A = 12tt + 2, which appears in the proof of Theorem 5.2, is, by no 
means, sharp. There is a certain gap between the sufficient condition (l38l) and the 
necessary condition (JTj). We point out that the inclusion -Rn.m £ 7l{e,A) does not 



l-9(^)e(m„) 
1 — zw„ 



> Ci\In\ > G2h{z)k^„{Wn). 
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necessarily imply that Rn,m H Q{Q,ei) ^ for some ei G (0, 1) independent of n and 
m. 

2. Theorem 1.4 (or, to be presice, its analog for the upper half-plane) extends a 
theorem of Parfenov on embeddings of the Paley- Wiener spaces [29]: if fi is a measure 
on R and J : PW^ ^'^{l^, J f = f, then J E Sr, r > 0, if and only if 

n.eZ 

Note that, for the function 6{z) = exp[iaz) in (which is a CLS inner function in 
C"*"), the intervals Jn = [n,n + 1] have the same properties as the arcs /„ in Lemma 
3.5; namely that, for any e G (0, 1), dist(^Jn, ^{0, e)) is comparable with the length of 
the interval Jn- 
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